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We study the realization of lattie models, where old atoms and moleules move as extra partiles
in a dipolar rystal of trapped polar moleules. The rystal is a self-assembled oating mesosopi
lattie struture with quantum dynamis given by phonons. We show that within an experimentally
aessible parameter regime extended Hubbard models with tunable long-range phonon-mediated
interations desribe the eetive dynamis of dressed partiles.
Trapped atomi and moleular quantum gases allow
the realization of quantum lattie models of strongly in-
terating bosoni and fermioni partiles. For example,
the dynamis of atoms in optial latties is well desribed
by a Hubbard model, where the tunability of the Hub-
bard parameters via external elds ombined with atomi
physis tehniques of preparation and measurement pro-
vides a quantum simulator of strongly orrelated on-
densed matter models [1℄. In this letter we propose and
study an alternative senario of realizing lattie models,
where a dipolar rystal of trapped polar moleules pro-
vides a self-assembled oating lattie struture for ex-
tra partiles, whih are atoms or moleules of a seond
speies (Fig. 1). By onning polar moleules to an ef-
fetive 2D (Fig. 1a) or 1D (Fig.1b,) geometry by strong
transverse trapping, dipolar rystals an form as a result
of the balane of strong repulsion between the dipoles
aligned by an external eletri eld, and an in-plane trap-
ping potential [2, 3℄. Partiles moving in this lattie un-
der onditions of elasti sattering see a periodi poten-
tial, and thus form a lattie gas.
The distinguishing features of this realization of lattie
models are: (i) Dipolar moleular rystals onstitute an
array of mirotraps with its own quantum dynamis rep-
resented by phonons (lattie vibrations), while the lattie
spaings are tunable with external ontrol elds, ranging
from a µm down to the hundred nm regime, i.e. poten-
tially smaller than for optial latties. (ii) The motion
of the extra partiles is governed by an interplay of Hub-
bard (orrelation) dynamis in the lattie and oupling
to phonons. The tunability of the lattie allows to aess
a wide range of Hubbard parameters and phonon ou-
plings. Compared with optial latties, for example, a
small sale lattie yields signiantly enhaned hopping
amplitudes, whih set the relevant energy sale for our
Hubbard model (e.g. for exhange interations), and thus
also the temperature requirements for realizing strongly
orrelated quantum phases. While the moleular setups
we propose are reminisent of (and may be relevant to)
solid state systems with strong phonon ouplings, as e.g.
polaroni and/or superonduting materials, they real-
ize the unusual parameter regime where the mass of the
rystal's and of extra partiles an be omparable.
A homogeneous lattie of polar moleules underlying
the ongurations of Fig. 1 relies on the strong repul-
Figure 1: A dipolar rystal of polar moleules in 2D (a) and
1D (b,) provides a periodi lattie Vcp for extra atoms or
moleules giving rise to a lattie model with hopping J˜ and
long-range interations V˜i,j (see text). (a) In 2D a triangu-
lar lattie is formed by polar moleules with dipole moment
dc perpendiular to the plane. A seond moleular speies
with dipole moment dp ≪ dc moves in the honeyomb lattie
Vcp (darker shading orresponds to deeper potentials). (b) A
1D dipolar rystal with lattie spaing a provides a periodi
potential for a seond moleular speies moving in a paral-
lel tube at distane b (Setup 1). () 1D setup with atoms
sattering from the dipolar lattie (Setup 2).
sive dipole-dipole interations Vc(R) = d
2
c/R
3
with R
the distane between the moleules, and dc the dipole
moment indued by a transverse eletri eld Edc. A
requirement for the existene of a rystal is that the
ratio of the potential energy to the kineti energy of
small osillations around the equilibrium position, rd =
d2cmc/~
2a, with a the lattie spaing and mc the mass,
is larger than a ritial value rc, where rc = 18 ± 4
and rc ∼ 1 for bosons at zero temperature in 2D and
1D, respetively [2℄. Thus a dipolar rystal will form
for a < a
max
≡ d2cmc/~2rc. In addition, we have
a
min
< a with a
min
= (12d2c/mcω
2
⊥)
1/5
, whih reets
the requirement of strong transverse trapping with a
harmoni osillator frequeny ω⊥ to prevent ollapse
due to attrative fores between aligned dipoles. For
RbCs (SrO) moleules with permanent dipole moment
dc = 1.27D (dc = 8.9D) onned by an optial lattie
with ω⊥/2pi ∼ 150kHz, amin ∼ 100nm (200nm), while
a
max
an be several µm. Exitations of the rystal are
aousti phonons with Hamiltonian Hc =
∑
q ~ωqa
†
qaq,
where aq destroys a phonon of quasimomentum q in
2the mode λ. In 1D, ~ωq = (2/pi
2) [12rdfq]
1/2ER,c
with Debye frequeny ~ωD ≡ ~ωpi/a ∼ 1.4√rdER,c,
fq =
∑
j>0 4 sin(qaj/2)
2/j5, and lattie reoil frequeny
ER,c ≡ ~2pi2/2mca2 (typially a few to tens of kHz). The
lassial melting of the rystal into a normal phase o-
urs at kBTC ≃ 0.018rdER,c and 0.2rdER,c in 2D and
1D, respetively [2, 4℄.
An extra partile onned to the 2D rystal plane (Fig.
1a) or a 1D tube (Fig. 1b,) will satter from the periodi
lattie potential
∑
j Vcp(Rj−r) with r andRj the oordi-
nates of the partile and rystal moleule j, respetively.
We writeRj = R
0
j+uj withR
0
j the equilibrium positions
and uj small displaements, assuming that the partiles
do not signiantly perturb the lattie. For partiles be-
ing moleules, this potential is given by the repulsive
dipole-dipole interation Vcp(Rj − r) = dpdc/ | Rj − r |3
with dp ≪ dc the indued dipole moment, and in the ase
of atoms we assume that the interation an be modeled
by a short range pseudopotential proportional to an elas-
ti sattering length acp. In addition, extra moleules and
atoms will interat aording to dipolar, or short range
interations, respetively.
We onsider a situation where the dynamis of the ex-
tra partiles in the lattie an be desribed by a sin-
gle band Hubbard Hamiltonian oupled to the aousti
phonons of the lattie [5℄
H = −J
∑
<i,j>
c†icj +
1
2
∑
i,j
Vijc
†
i c
†
jcjci
+
∑
q,j
Mqe
iq·R0j c†jcj(aq + a
†
−q) +Hc. (1)
The rst line desribes the nearest neighbor hopping of
the extra partiles with hopping amplitudes J , and in-
terations V . We denote by ci (c
†
i ) destrution (reation)
operators of the partiles. The rst term in the se-
ond line is the phonon oupling obtained in lowest or-
der in the displaement uj = i
∑
q(~/2mcNωq)
1/2ξq(aq+
a†−q)e
iq·R0j
with Mq = V¯qq · ξq(~/2Nmcωq)1/2βq, where
ξq and N are the phonon polarization and the num-
ber of lattie moleules, respetively, V¯q is the Fourier
transform of the partile-rystal interation Vcp, and
βq =
∫
dr|w0(r)|2eiqr, with w0(r) the Wannier funtion
of the lowest Bloh band [5℄. The validity of the single
band Hubbard model requires J, V < ∆, and tempera-
tures kBT < ∆ with ∆ the separation to the rst exited
Bloh band. We note that the Hubbard parameters are of
the order of magnitude of the reoil energy, J, V ∼ ER,c,
and thus they are (muh) smaller than the Debye fre-
queny ~ωD ∼ ER,c√rd, for rd ≫ 1 [6℄.
Below we will present detailed results for the examples
of Figs. 1b,. The separation of time sales J, V≪ ~ωD,
ombined with the fat that the oupling to phonons is
dominated by high frequenies ~ω > J, V (see the dis-
ussion of Mq below) is reminisent of polarons as parti-
les dressed by (optial) phonons, where the dynamis is
given by oherent and inoherent hopping on a lattie [5,
7℄. This physial piture is brought out in a master equa-
tion treatment within a strong oupling perturbation the-
ory. The starting point is a Lang-Firsov transformation
of the HamiltonianH → SHS† with a density-dependent
displaement S = exp[−∑q,j(Mq/~ωq)eiqR0j c†jcj(aq −
a†−q)]. This eliminates the phonon oupling in the se-
ond line of Eq. (1) in favor of a transformed kineti
energy term −J∑<i,j> c†i cjX†iXj , where the operators
Xj = exp[
∑
qMqe
iqR0j (aq − a†−q)/~ωq] an be inter-
preted as a lattie reoil of the dressed partiles in
a hopping proess. In addition, the bare interations
are renormalized aording to V˜ij = Vij + V
(1)
ij with
V
(1)
ij = −2
∑
q cos(q(R
0
i − R0j))M2q /~ωq, that is, the
phonon ouplings indue and modify o-site interations.
The onsite interation is given by V˜j,j = Vj,j − 2Ep
with Ep =
∑
qM
2
q /~ωq the polaron self-energy or po-
laron shift. For J = 0 the new Hamiltonian is di-
agonal and desribes interating polarons and indepen-
dent phonons. The latter are vibrations of the lattie
moleules around new equilibrium positions with un-
hanged frequenies. For the models of Fig. 1 b, stud-
ied below, onsisteny with the assumption of small per-
turbation of the lattie by the extra partiles requires
∆u/a =
∑
q(8~
2/mcN)
1/2Mq sin(qa/2)
2/(~ωq)
3/2a≪ 1,
whih is ahieved for (EpER,c)
1/2 ≪ ~ωD, and is gener-
ally satised.
A Born-Markov approximation with the transformed
kineti energy as perturbation, and the phonons a nite
temperature heatbath with J, V ≪ ~ωD (see above), pro-
vides us with the master equation for the redued density
operator of the dressed partiles ρ(t) in Lindblad form,
ρ˙(t) = − i
~
[H˜ +
∑
j,l,δδ′
∆δδ
′
jl bjδblδ′ , ρ(t)] (2)
+
∑
j,l,δ,δ′
Γδ,δ
′
j,l
2~
(2bjδρ(t)blδ′ − bjδblδ′ρ(t)− ρ(t)bjδblδ′),
with bjδ = c
†
j+δcj , and where the eetive system Hamil-
tonian beomes an extended Hubbard model,
H˜ = −J˜
∑
<i,j>
c†icj +
1
2
∑
i,j
V˜ijc
†
ic
†
jcjci. (3)
Coherent hopping of the dressed partiles is desribed
by J˜ = J〈〈X†iXj〉〉 ≡ J exp(−ST ), where ST =∑
q(Mq/~ωq)
2[1−cos(qa)](2nq(T )+1)] haraterizes the
strength of the partile-phonon interations, and nq(T ) is
the thermal oupation at temperature T [5℄. The terms
involving ∆δ,δ
′
j,l are seond order orretions, whih are
small relative to H˜ both in the "weak" ST=0 ≡ S0 . 1
and "strong" S0 ≫ 1 oupling regimes, provided J ≪
~ωD and J ≪ Ep, respetively [7, 8℄, [9℄. The dissipative
term in Lindblad form in the seond line of Eq. (2) or-
responds to thermally ativated inoherent hopping with
rates Γδ,δ
′
j,l , whih are small ompared to J for ST ≪ 1
3and ST ≫ 1, provided JV¯ 2q=0kBT/[(~ωD)4
√
rd] ≪ 1
and kBT/Ep ≪ 1, respetively [7, 8℄, and in partiu-
lar they are negligible for the energies of interest kBT ≪
min(∆, Ep, kBTC).
In the parameter regime of interest the dynamis of the
dressed partiles is desribed by the extended Hubbard
Hamiltonian H˜. In the following we alulate the ee-
tive Hubbard parameters from the mirosopi model for
the 1D setups desribed in Figs. 1b and  [10℄.
Figure 2: Setup 1 (Fig. 1b): Hubbard parameters for dp/dc =
0.1 andmc = mp. (a) Lattie depth V0 in units of ER,c vs. b/a
for rd = 50 and 500. Thik ontinuous lines: tight-binding
regime 4J < ∆. (b) Redution fator S0 (dashed dotted lines)
and polaron shift Ep/J (solid lines), for 4J < ∆. () Contin-
uous lines: phonon-mediated interations V
(1)
j,j+1. Horizontal
(dashed) lines: Vj,j+1. (d) Contour plot of V˜j,j+1/2J˜ (solid
lines) as a funtion of b/a and rd. A single-band Hubbard
model is valid left of the dashed line (4J, Vij < ∆), and right
of the dot-dashed line (Ep < ∆).
In Setup 1 (Fig. 1b) moleules of a seond speies
are trapped in a tube at a distane b from the rys-
tal tube under 1D trapping onditions. For rystal
moleules xed at the equilibrium positions with lat-
tie spaing a, the extra partiles feel a periodi po-
tential Vcp(x) = dcdp
∑
j
[
b2 + (x− ja)2]−3/2, whih de-
termines the bandstruture. The potential is sinusoidal
for b/a & 1/4, while for b/a < 1/4 it has a omb-
like struture, sine the partiles resolve the individ-
ual moleules forming the rystal. The lattie depth
V0 ≡ Vcp(a/2)− Vcp(0) is shown in Fig. 2a as a funtion
of b/a, where the thik solid lines indiate the parame-
ter regime 4J < ∆. The strong dipole-dipole repulsion
between the extra partiles ats as an eetive hard-ore
onstraint [11℄. We nd that for 4J < ∆ and dp ≪ dc the
bare o-site interations satisfy Vij ∼ d2p/(a|i− j|)3 < ∆.
The partile-phonon oupling is
Mq =
dcdI
ab
√
2~
Nmcωq
q2K1(b|q|)βq
with K1 the modied Bessel funtion of the seond kind,
and Mq ∼ √q for q → 0. For b/a < 1, whih is the
regime of interest (ompare Fig. 2),Mq is peaked at large
q ∼ pi/a, so that the main ontribution to the integrals
in the denition of ST and Ep is indeed dominated by
large frequenies ~ωq > J . A plot of S0 as a funtion
of b/a is shown in Fig. 2a. We nd the saling S0 ∝√
rd(dp/dc)
2
, and within the regime of validity of the
single band approximation, S0 an be tuned from S0 ≪
1 (J˜ ∼ J) to S0 ≫ 1 (J˜ ≪ J) orresponding to the
large and small polaron limit, respetively. The polaron
shift Ep, as shown in Fig. 2b, generally exeeds the bare
hopping rate J , and in partiular, Ep ≫ J for S0 & 1.
Together with the ondition ~ωD ≫ J this ensures that
the seond-order shifts in the master equation, ∆δ,δ
′
i,j , are
indeed negligible in the parameter regime of interest.
The phonon-mediated interations V
(1)
i,j show osilla-
tions, whih for b/a . 1/4 deay slowly as ∼ 1/|i − j|2.
These interations are thus long-ranged, and, depend-
ing on their sign, they an enhane or redue the diret
dipole-dipole repulsion of the extra partiles. The term
V
(1)
j,j+1 is shown in Fig. 2 to alternate between attra-
tive and repulsive as a funtion of b/a. The eetive Hub-
bard parameters V˜j,j+1 and J˜ are summarized in Fig. 2d,
whih is a ontour plot of V˜j,j+1/2J˜ as a funtion of rd
and b/a. The ratio V˜j,j+1/2J˜ inreases by dereasing
b/a or inreasing rd, and an be muh larger than one.
Equation (3) is valid in the region left of the dashed line,
where 4J, V < ∆, and right of the dashed-dotted line,
where Ep < ∆. For Ep > ∆ a multi-band approah is
required.
In Setup 2 (Fig. 1) neutral atoms are trapped in the
same tube as the rystal moleules. For xed moleules
providing the lattie struture eah atom feels the 1D
potential Vcp(x) =
∑
j gcpδ(x − ja), whih determines
the bandstruture (Kronig-Penney model). Here gcp =
2~2acp/µpa
2
⊥,p for a 3D sattering length smaller than the
transverse onnement, acp ≪ a⊥,p = (~/mpω⊥,p)1/2,
with µ the redued mass [12℄. For gcp/aER,p ≫ 1 the
width of the lowest band is 4J ≃ (gcp/aER,p)−1, while
the gap∆ tends to∆ ≃ 3ER,p, with ER,p = ~2pi2/2mpa2.
In the following we are interested in bosoni atoms in-
terating with eah other via a ontat potential with
oupling strenght gpp determined by their 3D sattering
length app, whih is tunable independent of acp. The
bare Hubbard interations are dominated by onsite in-
terations, Vi,j ≃ δijU , where U = 3gpp/2a for large
gcp. For the hoie of parameters of Fig. 3 a desrip-
tion in terms of a single-band Hubbard model is valid for
gcp/aER,p & 0.5 so that J, U ≪ ∆.
4Figure 3: Setup 2 (Fig. 1): Hubbard parameters for
mp/mc = 0.814, app = 2nm and ω⊥,c/2pi = 200kHz. (a) Re-
dution fator S0 (dashed lines) and polaron shift Ep/J (solid
lines) as a funtion of the partile-phonon oupling strength
g/aER,p. The tight binding region, 4J, Vj,j < ∆, is right of
the shaded area. (b) Eetive onsite V˜j,j/J˜ (solid lines) and
nearest-neighbor V˜j,j+1/J˜ (dashed lines) parameters.
The partile-phonon oupling is
Mq =
gcp
a
√
2~
Nmcωq
|q|βq,
whih is peaked at large q ∼ pi/a, and Mq ∼ √q
for q → 0. We nd the redution fator S0 ∼
0.92(gcp/aER,p)
2(mc/mp)
2/r
3/2
d and the polaron shift
Ep ∼ 0.94ER,p(gcp/aER,p)2(mc/mp)/rd, whih derease
with inreasing rd (see Fig. 3a). For the parameters
of Fig. 3 we have S0 ≪ 1 over a wide range of rd,
so that J˜ ≈ J . The strong oupling regime S0 ≫ 1,
with Ep/J ≫ 1, an be reahed by dereasing rd or
inreasing gcp/aER,p. We note that gcp/aER,p is re-
strited by the ondition of a stable rystal ∆u ≪ a,
i.e. gcp/aER,p ≪ 3rd.
While the bare atom-atom interation provides only
an onsite shift, the phonon oupling indues long-range
interations V
(1)
i,j ,whih deay as ∼ 1/|i − j|2. The ef-
fetive interations V˜j,j , V˜j,,j+1 and J˜ are summarized in
Fig. 3b, where the nearest-neighbor term V˜j,j+1 ∼ 0.16Ep
is shown to be repulsive for all values of gcp/aER,p, while
the onsite interation V˜j,j = U − 2Ep turns from posi-
tive to negative, whih for bosons indiates an instabil-
ity towards ollapse. That is, for stability we require
gpp/aER,p & 1.4(gcp/aER,p)
2(mc/mp)
2/rd. Fig. 3b
shows that a regime of strong interations V˜j,j , V˜j,j+1 ≫
J˜ an be reahed for rd ≫ 1.
One feature of our extended Hubbard model is the ap-
pearane and tunability of strong o-site interations,
a neessary ingredient for a variety of new quantum
phases [13, 14℄, whih is diult to realize in a stan-
dard atomi setup [15℄. As an example, at half ll-
ing the partiles in Setup 1 undergo a transition from
a (Luttinger) liquid (V˜i,i+1 < 2J˜) to a harge-density-
wave (CDW) (V˜i,i+1 > 2J˜), whih an be observed, e.g.
for rd = 100 at b/a ≈ 0.5 (see Fig. 2d) [16℄. Sim-
ilarly, the groundstate of Setup 2 at half lling is a
CDW for V˜j,j , V˜j,j+1 > 4J˜ , [16℄. For larger lling and
strong interations 2V˜j,j+1 & V˜j,j > 4J˜ , the system un-
dergoes a seond order transition to a supersolid phase,
where diagonal and o-diagonal orders oexist. These
strong interations are here realized, e.g., for rd = 250 at
gcp/aER,p ≈ 10, where V˜j,j+1 ≈ Vj,j ≈ 7.6J˜ (see Fig. 3b).
In onlusion, we have studied a senario where old
atoms or moleules move in the periodi potential pro-
vided by a dipolar moleular rystal, with quantum dy-
namis given by phonons. This is in ontrast to familiar
traps in atomi physis, where bakation is negligible.
Strong phonon-mediated o-site interations and partile
loalization open new perspetives for studying the inter-
play between strong orrelations and phonon dynamis in
a tunable setup.
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